ON EXPLICIT CONSTRUCTIONS OF EXOTIC SPHERES 



L. D. SPERANQA 

Abstract. We generalize the construction of the Milnor sphere Mj —1 in 
1 101 through a pull-back procedure and apply it to exhibit explicit nontrivial 
elements on some equivariant homotopy groups and differentiable structure of 
total spaces of sphere bundles over the exotic 8-sphere. In particular we prove 
that there is no new example of exotic 15-sphcrc if one considers the exotic 
8-sphere instead of the standard 8-sphere in |17| . 



1. Introduction 

This paper is concerned with geometrical presentations of manifolds homeomor- 
phic, but not diffeomorphic, to spheres, the, so called, exotic spheres. Using the 
symmetries of certain maps, we realize these manifolds as isometric quotients of 
principal bundles with connection metric over standard spheres and derive some 
topological results. The geometry of such bundles are discussed in [19] . 

After introducing the contruction in [TO: through a point of view similar to [8] , we 
present, in section 3, how it can be pull-backed in a way that produces new examples 
of spheres. We recall from [4] that Sp(2) — {(x,y) e S 7 x S 7 \ (x,y)m = 0} and 
prove that 

Theorem 1.1. Let r\ : S 8 -> S 7 and bio '■ S 10 — > S 7 be the maps defined by 

, . A + xix 
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bio{£,,x,y) =exp ( 77^— ,y 



x x 



where (X,x,y) and (t;,x,y) are in the unitary spheres of M. 
respectively. Then the quotient of 

E n ={(x,y)£S 8 xS 7 I (ri(x),y) a = 0} 

E 13 = {(x,y) G ^ 10 x S 7 I (b 10 (x),y) M = 0} 

where (, }h is the standard hermitian quaternionic product the S 3 -actions 

(1.1) q-k I x c I = I qx qc I , q-k I x c I = I qx qc 

\V d) \qyq qdj \y d) \qyq qdj 

are the only exotic sphere in dimension 8 and a generator of the subgroup of spheres 
that bound spin manifolds in dimension 10. 
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A further application of the construction results in 

Theorem 1.2. A homotopy 15-sphere S 15 can be realized as the total space of 
a linear 7-sphere bundle over the exotic 8-sphere with characteristic class [a] G 
Tr-iSO(8) if and only if it can also be realized as the total space of a linear 7-sphere 
bundle over the standard 8-sphere with the same characteristic class. 

In section 4 we will present non-trivial elements in some equivariant homotopy 
groups of spheres and constraints on actions over some spheres. 

In this paper we consider principal G-bundle endowed with an additional tr- 
action, which we call -k-action and which commute with the principal one. For p, 
an element in the total space, and q £ G we write pq~ l and qp for the principal 
and * action, respectively, of q on p. Our convention for the principal action in a 
trivialization chart is (x,g)q~ 1 = (x,qg). 



2. The Gromoll-Meyer sphere through another point of view 

Let Sp(2) be the set of 2 x 2 quaternionic matrices respecting the identity Q T Q = 
id, where Q T is the transpose conjugate of Q. For S 4 and S 7 , the unit spheres in 
Ixi and H x H, we define h : S 7 -> S 4 as 

(2.1) h(x,y) = (\x\ 2 -\y\ 2 ,2xy). 

Following [4], we have a comuttative diagram 



Sp (2) S 7 




S 7 — 54 



where pri is the projection to the i-th column. Furthermore, pri,pr2 : S 7 — > S 7 
are S^-principal bundles with principal actions given by right multiplication of the 
matrices diag(l,q) and diag(q,l), respectvely. 

Let Si = 5 4 -{(-l,0)} and Si = 5 4 -{(l,0)}. Then, S 7 , as a principal bundle, 
is identified with 

s 4 x s 3 {sl n si) xs 3 hsixs 3 

where f a (X,x,g) — (A, x, gx/\x\). By the other hand, we have the ^-action in 
Sp{2) defined in [TD] as 

< 2 - 3 > «(;;)-(S5)- 

It is proved there that the quotient of Sp(2) by this action is diffeomorphic to the 
exotic Milnor sphere M\ _ Y . We now present a different proof: 

Theorem 2.1 ([HUE]). The quotient of Sp(2) by the action (|2.3| is diffeomorphic 
to 

D 4 xS 3 <-> S 3 x S 3 <-4 a S 3 x D 4 

where f a , g a : S 3 x S 3 are defined by f a (x, y) = (x, xyx) and g a (x, y) = {yxy, y). In 
particular, it is a generator of 6 = I2& ■ 
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Proof. From the diagram (|2.2j) we conclude that 

(2.4) S P (2) = h-\Sl) xS 3 p h-^Sl n St) x S 3 H hr^St) x S 3 

as a principal bundle, where f a h(x,y,g) = (x, y, gxy/\xy\). Note that, if we define 
a : Si H Si — > S 3 as a(A, x) = when are refering that the subindex ah 

stands for the composition a o h : /j _1 (Si fl Si) — > S 3 , as we will admit as a 
definition. These are the transition maps of their respective bundles. Note also 
that pri(qQ) = qpri(Q), if we define in S 7 

(2.5) q(x,y) = (qxq,qyq). 

Furthermore, ah(g(x,y)) = gah(x,y)g~ 1 , in particular, the action (|2 . 3[) . in the 
identification (12.41). is written as 



q(x,y,g) = (qxq,qyq,gq 1 ). 

We have 

Lemma 2.2. There is a diffeomorphism 

h-^sl) x s 3 < h-\sl n si) x S 3 Si x s 3 

(2.6) *+ F- 

h-^sl) x s 3 < h-^s* n si) x s 3 (a/txid)/: '" 1 ) si x s 3 

where ha : SinSi — >• S^nSi is defined by ha(x,y) — ha(x,y)(x,y). Furthermore, 
Ft(<l{x,y,g)r~ l ) = r{F t {x,y,g))q- 1 . 

Proof. Define F e by (x, y, g) h- > (g(a;, y), <? _1 ). ft is clearly smooth and an involution. 
One has 

F+ X f a hF-{x,y,g) = F + (g{x,y),g~ 1 ah(g(x,y))) = (ah{x,y){x,y),gah{x,yy 1 ) 
and 

Feiqix^^g)^ 1 ) = F £ (q(x,y),rgq~ 1 ) = (rg(x,y),qgr~ 1 ) = r(F e (x,y, g))q~ x . 

□ 

In particular, the action (|2.3|) defines a S 3 -principal bundle pr[ : Sp(2) — > 
h^iSl) fir^Si). Now, for the diffeomorphisms *:J) 4 x5 3 4 ^(S^) and 
$ : S 3 x D 4 -)• ft _1 (5i), given by (x,y) h-> (x, (1 - M 2 ) 1/2 y) and 0,2/) ^ ((! - 
lyl 2 ) 1 / 2 ^, y), it is straightforward to check that $~ 1 ^ 1 ^ r |(r>4-{o})xS 3 = g~ 1 fa- O 

3. A GENERALIZATION OF THE GrOMOLL-MeYER CONTRUCTION 



We begin this section by constructing bundles that admit actions like (|2.3|) and 
use the same proof to identify its quotient. For this, instead of starting with the 
total space of a bundle, we start from below. 

Let G be a Lie group and M a smooth G-manifold, i.e., a smooth manifold 
together with a smooth G action, which we will denote by (g, x) i— > gx. Let {Ui} 
be a G-invariant open cover of M. We call {4>ij ■ Ui (~l Uj — » G} a smooth -k -family 
if tfiij is smooth and satisfies the conditions 

(3.1) 4>ik{x) = 4>ij(x)(f}jk(x) 

(3.2) </>ij(gx) = 9<t>ij{x)9~ X ■ 
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Consider 7r : P — > M, the G- principal bundle defined by 

(3.3) P = U Uij Ui x G ^ UUi = M, 

where f(f> i:j {x,g) = [x, g<j>ij(%)) and 7r is the projection to the first coordinate. The 
cocycle condition (|3.1[) guarantees that it is a well-defined principal bundle. We 
write, for (x, g) G C/j x G and (g, r) £ G x G 

(3.4) (g,r) • (»,£/-) = q{x,g)r^ = {qx,rgq^) 

and note the equivariance 7r((g, r) • (x, <?)) = q • n(x,g) — qx. We also observe that 
the principal action of 7r is given by the r factor and that condition (|3.2p guarantees 
that the q factor defines an action in the whole P. We call the first as the •-action 
and the second as the *- action. The bundle 7r : P — > M equipped with both actions 
will be called the -k-bundle associated with {4>ij}- 
We have 

Theorem 3.1. Let tfrij : UiDUj — > UiCiUj be the map defined by (f>ij(x) = 4>ij{x)x. 
Then, {4>ij} is a family of G-equivariant diffeomorphism such that 

(3.5) 4>jk4>ij{x) = 4>ik(x) 

whenever x 6 UiHUjCiUk- In particular, M' — Ur^U% is a smooth G-manifold with 
the actions defined by the restrictions of the G action on M to Ui. Furthermore, 
the quotiente of the -k-action in P is G-equivariantly diffeomorphic to M' with the 
action induced by the principal one. 

Proof. The first part follows from the following lemma, whose proof is straightfor- 
ward. 

Lemma 3.2. Let M be a G-manifold and a, f3 : M —> G maps satisfying (|3.2p . 
Then, for a/3 : M —} G the map defined by the pointwise product of a and f3, 
a/3 = 0a. 

In particular (|3.5[) follows from (13.11) and <pij — (f)^ 1 implies that these maps 
are G-equivariant diffeomorphisms. The well-definition of the action in M' follows 
from the equivariance of 4>ij . The proof of the second statement follows by verbatin 
the proof of Lemma HI! by replacing F e : /i" 1 ^ 4 ) x S 3 -> h,- l (S*) x S 3 by 
Fi-.UixG -+UiXG. □ 

Note that Sp(2) — > S 7 can be viewed as ^-bundles. We remark that we also 
proved that 

Proposition 3.3. The -k-action induces a G-principal bundle n' : P — > M' with 
transition maps {</ ) ^ 1 } such that 7r'(pr _1 ) = rir'(p) for all (p,r) eFxG. Further- 
more, the inclusions Ui x {1} cF are sections for both bundles n and it' . 

Now, exploiting once more the example of Gromoll-Meyer, we notice that —h : 
S 7 — > S 4 is also a ^-bundle with *-action (q, 1) • (x, y) = {qx, qy). We want to show 
how the *-action in Sp(2) is induced by this. In general, we consider 7r : P — >• M, 
a ^-bundle associated with the *- family {0^ : U{ f) Uj —> G}, another G-manifold 
N and a G-equivariant map / : N — > M. We can always define the induced bundle 
Tr f : f*P -4 N as 

fP = {(x,y)eNxP\ f(x)=7r(y)} 



ON EXPLICIT CONSTRUCTIONS OF EXOTIC SPHERES 



5 



with the projections in the first coordinate, tt/, and in the second coordinate /* : 
f*P — » P. The diagram of an induced bundle is the analogous of (|2.2[) (compare 
[1]). We have 

Theorem 3.4. The family {4>ij o f : f~ 1 {U l ) n f~ x (Uj) — > G} is a ^-family in N. 
Furthermore, 

(i) f* P is G x G equivariantly diffeomorphic to the -k-bundle associated to this 

family with -k-action given by q{x,y) — (qx,qy); 
(ii) there exists a G-equivariant map f : N' — > M' such that 



(3.6) 



N <- 



M <r 



Ui 



-> N' 

>i 

-> M' 



Proof. Writing P f = U/^. , / /- 1 (Z7 i ) and P as (|3.3|) , we define an equivariant diffeor- 
morphism Pf -> f*P by k : f^ 1 (U i )xG^NxP defined by (x,g) i— > (x, (f(x),g)) 
since (idx/^^.)^ = Zj(idx ./). Item (z«) is proved by noticing that /* : /*P — >• P 
is G x G-equivariant, in particular, from Proposition 13.31 it descends to a G- 
equivariant map f : N' —¥ M 1 with (I3.6[) given by the sections in the same propo- 
sition, which are common for both bundles. □ 



We note that the same proof of Proposition 1.7 in [TT] works in the equivariant 
case. Given two ★-families {4>ij : Ui n Uj — > G} and : Ui n C/j — > G}, we call 
them equivariantly homotopic if, for each 4>ij is homotopic to through a 

homotopy of equivariant maps. 

Proposition 3.5. If {4>ij} and {4>ij} ar & equivariantly homotopic -k-families then 
their associated ^-bundles are G x G- equivariantly diffeomorphic. 

This proposition allows us to remove the smoothness condition on ^ through 
equivariant approximation theorems (from [1] , for example) . Also it gives sense to 
a G-equivariant diffeomorphism class of M' even if we consider a cover {Uq,U\} of 
closed subsets, instead of open ones, as far as U$ D U\ is a smooth subvariety of M, 
since the equivariant diffeomorphism class of M' will not be affected by the choice 
of an equivariant extension of 0oi to a small neighborhood around U H fi. We 
assume these facts it in the rest of the paper. 



4. Explicit realization of spheres 

Here, we want to use results about Milnor's plumbing pairing (see |12j for def- 
inition) and the construction that we just introduced to prove Theorem 11.11 For 
this, consider S 6 C ImH x H, S s C RH 2 and S 10 C ImH x H 2 , unitary spheres, and 
S 4 and S 7 as above. Define the maps r : S 3 -> 50(3), r/ 4 : S 4 -> S 3 , ry 8 : S 8 -> 5 7 , 
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\x\ 2 ,y 



b:S 6 ^ S 3 and 6 10 : S 10 -> S 7 as 

(4.1) r(q) = (x H> qxq); 

(4.2) ?74(Ay) = (A + xix^ 1 ); 

(4.3) r/ 8 (A, a;, y) = (X + xix\x\~ l ,y)\ 

(4.4) = eM^x\x\- 2 ); 

(4.5) 6io(f , x,y)=lbl , | vllf 

V W^I 2 + NV / 

We also write u : S 3 — > 5*0(4) for the map denned by w(q)v = and : 
SO{m) — > SO(m + fc) for the inclusion given by adding a k x k identity on the 
upper left corner. From |18] or [5], we have 

Theorem 4.1. a(rrii,S\u) is the non-trivial element in 9 s = Z 2 and o~(rb,Siu) 
is the generator of the index two subgroup of 9 10 = Zg consisting of spheres which 
bound spin manifolds. 

Proof. We recall from [2] that b : S e — > S 3 is homotopic to the Samelson prod- 
uct (u,u) : S 6 — > S 3 and to Jr so, according to Theorems 3.1 and 5.1 in [IB] . 
<t(t6, S4M) = 2a(s\ub, S4U) is an exotic sphere which bounds a spin manifold. We 
also note that 774 is the image of the J-homomorphism of the non-trivial element of 
TTiS0{3), in particular, from Theorem 5.2 of |18j . the Kervaire Milnor map applied 
to o~(tt]4, s 2 u) lies in the image of (z/, n, v) in Tig /ImJ, which, according to |20) . is 
non-zero. □ 

By the other hand, 

Proposition 4.2. The maps n% and bio are equivariant by the S 3 -actions defined, 
respectively, on their domains by 

(4.6) q- (X,x,y) = (X,qx,qyq) 
(4-7) q ■ (£, x, y) = (£, qx, qyq) 
and (1231). 



Proof of the Theorem IJ.il We first remark that 77 and 610 are equivariantly ho- 
motopic to and 610 ■ We do only the case of the 8-sphere, since the other is 
analogous. According to section 1 and Proposition 13.51 pr\ : Sp(2) — > S 7 is the 
★-bundle defined by Uq = D\ x S 3 and U\ = S 3 x D\, with actions defined by (12. 5ft 
and transition map defined by 0oi = ^Is 3 xS 3 j where and are to be under- 
stood as spheres and discs with radius e and e' = (1 — e 2 ) 1 / 2 . Following this and 
analogous identifications, ^(Dj x S 3 ) = D 5 e x S 3 and % ^Sf x L> 4 ,) = S 4 x L> 4 , 
where D c x Sf is identified with {(X,x,y) e 5 s | A 2 + \y\ 2 < e 2 } and so on. We 
have, for (A, x, y) € Sf x S 3 

0oi77 8 (A, x, y) = vh[r)i{e~ l \, e~ 1 x)e, y) = ry 4 (e _1 A, e~ 1 x)y, 

where the last equality holds since vh(x, y) — e~ 2 xy. Now, we are able to consider 
a more general situation. Consider S k and S l , unitary spheres, equipped with 
isometric G-actions and maps a : S — > G, f3 : S' 1 G satisfying (|3 . 2(1 . Write 
Ai : S k -> 50(fe + 1) and A 2 : S 1 ' -)• 50(2 + 1) for the homomorphisms defined by 
the actions. We have, 
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Lemma 4.3. For r : S k x S l — > G, defined by r(x,y) — a(x)[3{y) 1 , we have 

D k+1 x S l Uf S k x D l+1 = (T(A 2 a,Axl3). 

Proof. Write f(x,y) = a(x)/3(y) _1 (x,y). Then, for gp(x,y) = (J3(y)x,y) and 
f a (x,y) = (x,a(x)y), f a (a x id) = (a x id)/ Q = a, where a(x,y) = a[x). Be- 
ing the analogous for fi also true. In particular, 

f = = g^(id x /T 1 )/^ x id) = g~\a x [3~ 1 )f a 

However, 

^(d x /H)/ a = .g^ 1 (a x id)gp o^Voo/a 1 ^ x 

and the proof would be complete applying again the techniques in |13j , once demon- 
strated that gg 1 {a x id) gp = (ax id) and f~ x (id x /3 _1 )/ a = (id x /3 _1 ). Never- 
theless, 

(4.8) f~\id x p-^Ux.y) = (x,a(x)- 1 p- 1 (a(x)y)) 

= (x,a(x)- 1 a(x)p- 1 (y)) = (xj-^y)), 
and the analogous for the other term. □ 

The proof for the 10-sphere follows by verbatim. □ 

We write E 8 and S 10 for these spheres. Before starting the proof of Theorem 
\1.2\ we remark that [T proves 

Theorem 4.4 ([7 ). The bundle pr\ : Sp(2) — > S 7 is the -k-bundle defined by 
b~ x : 5 6 -> 5 3 and the action (1231) . 

Proof of Theorem \1.2{ : Consider O, the Cayley algebra defined as in [4], and recall 
that 7r 7 50(8) w Z © Z with representants f lj (X)Y = X l YX^ where X e 5 7 C O 
and y G O. We write Wij : Sij — > 5 s for the sphere bundle with characteristic map 
fij and observe that Sij — D s xS 7 U D s x S 7 admits an action by the subgroup of 
isomorphisms of O 

G 2 = {. 9 e 50(8) | g(XY) = g(X)g(Y)} 

defined by g ■ (X, Y) = (gX, gY). Now, the linear isomorphism 5 : H 2 — > O defined 
by y) = (y,x) induces a new multiplicative structure on H 2 , isomorphic to 
the Cayley numbers, with the algebra-isomorphism subgroup of 50(8) isomorphic 
to G2 by the isomorphism g 1-4 S -1 gS. And we may consider, for simplicity, the 
Cayley numbers given by this product. The advantage of it is that (|4.6|) defines 
the action of a subgroup 5 3 C G2, so TTij : Sij — > 5 s is 5 3 equivariant. Consider 
the ★-bundle E 11 = r?|5p(2) -4 5 s as in Theorem O and £ 18 = mjE n -4 5 y 
and observe that Proposition 13.51 allows us to restrict the 'operation' defined by 
Theorem 13.11 to a small neighborhood of one fiber of Wij , in such way that 

(4.9) (Sij)' = D\ x 5 7 ^ 51 x 5 7 % 3 {D s - D^) x S 7 ^ S 7 x S 7 H D s x S 7 , 

22 2 

where 6 = z^sls 7 : 5 7 5 3 with 5 7 = {(0, e 5 8 }. So, if Sy is a homotopy 
sphere, Df x 5 7 lives in a disc so (#,-)' = 5y#(5 15 )' with (5 15 )' = (S lfi )'. For 
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F-(X,Y) = (XY,X), fp(X,Y) = (X,XY) and gp(X,Y) = (XY,Y), we have a 
diffcomorphism F denned by 

D S x £7 < 5 7 x ^7 S 7 x D 8 

I '-{ 

D 8 x S 7 i S 7 x S 7 D s x S 7 

Now TT h0 F\ D B xS 7(X,Y) = mfi(X,Y), so, it is easy to note that (S 15 )' = D 8 x 
S 7 U g(3/e(e - xid) S 7 x D a , where fe(X,Y) = (X,6(X)Y) (now thinking of X in the 
equator of S s and taking 9 : S 7 — > S 3 as above). Note that fg is isotopic to 
the identity. In fact, for A : S 3 — > SO (8), the homomorphism defined by (14. 6|) . 
fe(X,Y) = (X 1 A(X)Y). Since ir a S 3 is torsion ([20]) and n 7 SO(8) is torsion free, 
A o 8 is null-homotopic, such homotopy defines an isotopy from fg to the identity. 
So, L> 8 x S 7 U g /e( e xid ) <5 7 x -D 8 is diffeomorphic to L> 8 x <S 7 U g(3(( j xid) S 7 x D 8 which 
is an element in the image of the Milnor-Munkres-Novikov r-pairing T77, which is 
zero, according to |12j . 

It remains to show that the projection tt^ : (Sy)' — >■ S 8 is a bundle projection 
with characteristic map /y. But, one can see from Theorem 13.41 that (Sy)' = 
£ 8 x S 7 U //y/e(e - xid) £ 8 x S 7 , for f ftj (X, Y) = (X, fij(X)Y). Since, f a is isotopic 

to the identity, (<%)' — ► ^ 8 i s isomorphic to D s x S" 7 f e (§xid) ^ x ^ 7 w ^ n 
projection in the first factor, as desired. □ 

5. Actions and equivariant homotopy groups 

In this section we write [N,M] G for the set of equivariant homotopy classes of 
equivariant maps between de G-manifolds N and M. We also write Dif f (M) 
as the set of equivariant diffeomorphisms of G and A4 as the set of equivariant 
classes of smooth G-manifolds. Consider G as a G-manifold with the action given 
by conjugation and [M, G] G as a group with multiplication done pointwise. Wc 
have 

Proposition 5.1. There is a homomorphism DR : [M,G] G —> n^Dif f G (M) de- 
fined by [a] 1— > \ct' ], where a' is an equivariant smooth approximation of a. Fur- 
thermore, if 7r : P — > M is a ^-bundle and N is another G-manifold. There is a 
map DRn : [N, M] G -> M which sends f e [N, M] G to the quotient of f p by the 
induced -k- action. 

Proof. We remark, from pQ, that we can always consider smooth the maps and 
homotopies. Suppose that H : M x I — >• G defines a smooth homotopy such that 
x 1 V H(x, t) satisfies (|3.2p for all t. Then, H : M x I ^ M x I defines an equivariant 
isotopy. We also observe that SiSa = 01201 . The map DR n is well-defined by 
Proposition 13. 51 □ 

We also observe that 

Lemma 5.2. If DR^^f) ^ N then f is not equivariantly homotopic to a constant 
map. 

Proof. If / is equivariantly homotopic to a constant map, then, by Proposition 
13.51 and Theorem 13.41 DRp(f ) is the quotient of N x G by the action defined by 
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r(x,g) = (rx 7 rg). Taking Uq = N in Proposition 13. 3] we see that N x {1} is a 
section for this action. □ 

We write S 7 for the S 3 -manifold defined by ([23]), Sj for the S 1 x S 3 -manifold 
defined by (z, q) ■ (x, y) — (qxz, qyy) or any restriction of this action, S 10 for the S 3 - 
manifold defined by (|4.7I) . Sl° by the S 3 x S 3 -manifold defined by (p, q) ■ (£, x, y) = 
(p£p, qxp, qyy) and S 6 , S 9 and 5f for any equivariant equator of S 7 , S 110 and S^ , 
respectively. We have 

Theorem 5.3. • The sets [S 7 , S 4 ] s3 , [S 8 , S 3 x S 1 }^ x s " and[Sl°,S 3 xS 3 ] s3xs3 , 

contain copies of Z x Z; 

• [S 6 ,S 3 ] 53 , [Sf,S 3 x S 3 ] s3xs3 and [S 7 ,S 3 x S^xS 1 contains a copies of 
Z; 

• the sets [S 7 ,S 3 ] S and [S S ,S 3 ] contain copies of 'Li- 
Proof. We recall from [6] that it is possible to do a connected sum of £ 7 , the sphere 
in Theorem I2.fi and #fcE 7 is equivariantly diffcomorphic to #;£ 7 if and only if 
k = ±1. Since the G-manifold #/S 7 can be realized by the clutching function 
b~ k , we conclude that DR([S 6 , S 3 ] s3 ) D Z. We also note that DR{[S S , S 3 ] s3 ) and 
DR([S 9 ,S 3 ) S ) has at least 2 and 3 elements, respectively. Furthermore, for the 
first one, we can observe that 774 : — > S 3 is equivariantly homotopic to its group 
inverse (by the homotopy given in [5], for example), so, we conclude that the first 
has exactly two elements. For [S 7 , S 4 ] s and [S 8 , S 4 ] s we use the same arguments 
for the maps DR_h and DR-hori % by observing that #feS 7 can be realized as the 
pull-back of -h : S 7 -> S 4 by E(b~ k ), where E{b^) : S 7 -> S 4 is the equivariant 
suspension of b~ k analogous to the suspension of 774 fiven by 77s- The other copy of 
Z in [S 7 , S 4 ] s is given by the composition of the Hopf map and the maps pk of [8]. 
They are equivriant maps and {hpk} is a subgroup in irrS 4 that doesn't contain 
the homotopy classes of E(b~ k ) (the map b in [2TJ| is denoted as v' , we refer to it for 
details) . For [S 8 , S 3 x S l ] s " x s% , [S\° , S 3 x S 3 } s ' x s ' , [Sf , S 3 x S 3 } s " x s " and [S 7 , S 3 x 
S ,1 ] s3xS ' 1 , we note that [N,Mi x M 2 ] G = [N, M\] G x [N, M 2 ] G . For example, here 
we have S 3 as an S 3 x S 1 manifold being the first action the conjugation and the 
second action trivial, for example, since rj$ is invariant under the S 1 action, we have 
that the elements we found can be actually lifted to these groups. □ 

For the last application of these constructions, we note that /3 _1 in (14. 8|) can be 
replaced by any G-equivariant diffcomorphism <f> : S — > S . In particular, recalling 
(from [13] ) that the sphere glued by id x cf> is diffeomorphic to the standard one, 
we have 

Proposition 5.4. Let S , the unity sphere ofM. l+1 , be eqquiped with an isometric 
G-action. Then, if <j> : S — » S is a G-equivariant diffeomorphism and a : S — > G, 
the sphere defined by J" 1 (id x 4>)f a is diffeomorphic to the standard one. 

We recall the definition of the r-pairing r : r n+1 x ir k SO(n+ 1) -)• r ,i+fc+1 . Let 
(j> : S n -> S n and (i : S k -> SO{n + l) represent elements in r n+1 and ir k SO(n + l), 
respectively. Then, r([<p], [f3]) = D n+1 x S k U /(3(0xid S n x D k+1 . Results about this 
pairing can be found in [3j [16] or [12] . We recall the following 

Theorem 5.5 (3). For E 8 and E 10 as in Theorem[Tjl t([T, w ], tt 3 SO(10)) = 
13 = Z3 and r([S 8 ], wiSO(8)) is a subgroup of order two in 9 = Z2 + Z2 + Z%. 



10 



SPERANQA 



We conclude that 

Theorem 5.6. Let S l be as in Proposition \5.4\ Then, if <j> : S l —> S is G- 

equivariant and A : G — > SO (I + 1) is the homomorphism defined by the action, 
t([4>], A*irkG) — for every k. 

So, suppose that S 9 is eqquiped with and isometric S 3 action and S* 1 is eqquiped 
with an isometric S 1 action. Write A 9 and A 7 the homomorphisms defined by these 
actions. We have 

Corollary 5.7. • // cj) : S 9 — > S 9 is an S 3 -equivariant diffeomorphism, then, 

the elements of the subgroup A^ir^S 3 must be divisible by 3; 
• if cf> : S 7 — > S 7 is S 1 equivariant, then A 7 7r 1 S' 1 is null-homotopic. 

Proof. Let i £ ^S 3 and v G -^350(9) be generators. Then, by one hand t([4>], A 9 (t)) = 
rr( [</>], v) = r[E 13 ], where S 13 is an element of order 3 in 6 13 . By other hand, from 
Proposition 15.41 we have t ([(/>], A 9 [a]) = 0, so r must be a multiple of 3. The 
analogous statement follows for S 7 . □ 

We recall that the number r G Z in the proof is called the index of the homo- 
morphism. Observe that the index of both S 3 actions defined on S 9 are 3, and 
that the S* 1 action in S 7 is the subaction of a semi-free S 3 action, so, the inclusion 
S 1 C SO (8) is null-homotopic. 

Acknowledgment. This work is part of the author's Ph.D. thesis in Unicamp, 
Brazil, under C. Duran and A. Rigas. 
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